
ON THE STABILITY OF STEADY COMBUSTION OF SOLID 

FUELS 

G, L. Komissarova and I. M. Sulima 

In his paper  [1] Zel 'dovich had derived the dependence of the rate  of steady combustion of a solid 
fuel on the initial tempera ture .  Is t ra tov and Librovich [2] had investigated the stability of steady- combus-  
tion of solid fuels taking into considerat ion the variat ion of t empera ture  at the surface of such fuels. 

The effects of heat re lease  in the react ion zones and of the variat ion of fields of tempera ture  and of 
the rate [of combustion] on the stability of the steady state combustion of solid fuels are investigated in 
this paper.  The assumptions as to the mechanism of solid fuel combustion on which this investigation is 
based are  given in [2]. 

The method of small  per turbat ions  is used for analyzing the stability of s teady combustion of solid 
fuels, and a new stability c r i te r ion  is derived. Calculations car r ied  out on a type BESM-2M computer  had 
shown that stabili ty is mater ia l ly  affected by the following pa rame te r s :  (r, z2/cp, @r, A2/Cp, and v ~  ~ 

The p rob lem is solved in a univariate formulation. We assume the sys tem of coordinates to be p e r -  
manently attached to the boundary separat ing the solid fuel f rom its products  of combustion. The x-axis  is 
directed f rom the solid fuel face toward the burning surface.  

Region 1 is defined by the heat conduction equation 

OT1 OT1 O~T1 ~ 
at + u l  T : a t  a ~  , a l - -  c#lP1 (1) 

The p r o c e s s e s  taking place in region 2 are defined by the sys tem of equations derived in [3] 

Ou2 Ou~ t Opt* 4 1 0 [ Ou2 "\ 
at 4-u2 ~ : - -  P2 ox 4- 3 p2 Ox k ~-5-~-x } 

Op~ O(p2u~) / OT~ aT2 ~ i O ~ OT~ 
0~ + 0~ =0, % ~ \ ~ F + u ~ - ~ )  = p~ 0~ ~ ' - ~ Z /  

Os~ Os~ i O I Os~ \ 

(2) 

Region 3 containing gaseous products  of combustion is defined by the equation of heat conduction 

OTs OT8 O~T8 k.___L..~ 
7 "  + us ~ = as ax~ , as-- %3ps 

Here T, u, p, p*, and s are,  respect ively ,  the t empera tu re ,  the rate [of combustion], the p r e s s u r e  
and the concentration; Cp, ~, D, and ~ are,  respect ively ,  the specific heat, the dynamic viscosi ty  coeffi-  
cient, the diffusion coefficient, and the coefficient of thermal  conductivity; and t is the t ime. Subscript 1 
re la tes  to the k-phase of the solid fuel, and subscr ipts  2 and 3 to the gaseous phases in regions 2 and 3, 
respect ively.  

(3) 
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Let  us  w r i t e  Eqs .  (1)-(3) in a d i m e n s i o n l e s s  f o r m ,  i n t roduc ing  d i m e n s i o n l e s s  p a r a m e t e r s  of  the  
f o r m  

T - -  To u t~ Ul~ 

P~ p* u 
�9 R ~ - -  p3o P ~  p~ ~  U =  un 

Here  ul  ~ is the  l i n e a r  r a t e  of s t e a d y  c o m b u s t i o n ,  u n is  the  n o r m a l  r a t e  of  s t e a d y  f l a m e  p r o p a g a t i o n ,  
p3 ~ is  the d e n s i t y  of gas  in r e g i o n  3 at s t e a d y  c o m b u s t i o n ,  T O is the  i n i t i a l  t e m p e r a t u r e  of  the  so l id  fue l ,  
and T b the  t e m p e r a t u r e  of c o m b u s t i o n .  

The  s y s t e m  of equa t ions  (1)-(3) mus t  be  s u p p l e m e n t e d  by  the  equa t ion  of  s t a t e  which in the  c a s e  of an 
i n c o m p r e s s i b l e  gas  (the r a t e  of f l a m e  [p ropaga t ion ]  is  s m a l l  in c o m p a r i s o n  with the  s p e e d  of  sound) r e -  
d u c e s  to the  r e l a t i o n s h i p  b e t w e e n  the  d e n s i t y  and t e m p e r a t u r e  of  gas  [4] 

J im  
R ~ -  i s"=~O* ' ~ - - '  c, " (4 )  

H e r e  c~ is the  r a t i o  of fuel  and gas  d e n s i t i e s .  

I n t r o d u c i n g  the  m a s s  r a t e  of c o m b u s t i o n  m = RU and t a k i n g  into c o n s i d e r a t i o n  the equa t ion  of s t a t e  
(4), we can  w r i t e  the  s y s t e m  of Eqs .  (1)-(3) in the f o r m  

00i _ _  .001 0'01 plul ~ 
-t--~l O~ - -  0~ 2 (ra~ = 0,ui-----w, Pl ui = p3 n) 

Ore2 3m~ 00~ Ore. ~ 00~ Op~ 

4 P O~m~ Om~ 00~ , 0~0~ "], 

+ T - 4 -  I (~+ ~~ +2~ o-~ o~y-t~,~ T J  
8~ OO~ " �9 Orn~ t 00.~ 002 1 0~0~ 

(1+~02) ~ O'~ + ~ = 0 '  8. i+~0~ o'~ +m~|O~ --  ~ o~ 
1 Os2 Os2 ~[ 0"~.5"2 003 003 a 0203 

8 - t + ~ 0 ~  0z + m 2  0~ - -  vL 0 ~  , e ~ +  0~ - - - v  0~ ~ 

8 = Pl ' ~ l  ~'I ' - -  Cpl Cpl 

(5) 

Here  P and L a r e ,  r e s p e c t i v e l y ,  the  P r a n d t l  and the L e w i s  n u m b e r s .  

Let  us  f o r m u l a t e  b o u n d a r y  c o n d i t i o n s .  At inf in i ty  the  s o l u t i o n s  of Eqs .  (5) mus t  s a t i s f y  

Oi--*O for ~,. . ,--c~, 08~co for ~--*+c~ (6) 

and,  a l s o ,  the  cond i t i ons  at the  i n t e r f a c e s  of r e g i o n s .  Le t  us  a s s u m e  that  the  i n t e r f a c e s  of r e a c t i o n s  m a y  
be s u b j e c t  to s m a l l  d i s p l a c e m e n t s .  In a s t a t i o n a r y  s y s t e m  of c o o r d i n a t e s  the  c o o r d i n a t e  of the  r e a c t i o n  r e -  
gion in the  so l id  fuel  k - p h a s e  is  

t 

X n l ~ X n O - -  I uidt  
o 

w h e r e  Xn0 is the  in i t i a l  p o s i t i o n  of the  so l id  fuel  face .  F r o m  th i s  we have 

u l ~ - -  d x n l / d t  

Let  us  a s s u m e  that  

~,,1 = ~0 --  (x + ]e ~ )  , 
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Then 

In the  moving s y s t e m  of c o o r d i n a t e s  ~ = 0. We a s s u m e  the e o o r d i n a t e  of 

the  r e a c t i o n  zone in the  gas  to be 

[~ = [~o + ge ~ .  

He re  ~ ~  is the  [ c o o r d i n a t e  of  the] s t e a d y  p o s i t i o n  of the  r e a c t i o n  zone.  
A c c o r d i n g  to [3] the  width of r e g i o n  2 i s  of  the  o r d e r  #z/p~uz. Hence  

ui~ ~ p~ux ~ P [p ~cv~ 

F o r  a s t e a d y  c o m b u s t i o n  p r o c e s s  piul  ~ = p2u2 . We then  have 

, ~ o  ~ p / ~ ,  (7) 

Let  u s  a s s u m e ,  as  in [4], that  v a r i a t i o n s  of the  c h e m i c a l  r e a c t i o n  r a t e s  wt and w~ r e s u l t i n g  f r o m  a 
p e r t u r b a t i o n  of the  s t e a d y  s t a t e  a r e  dependen t  on v a r i a t i o n s  of t e m p e r a t u r e s  T s and T r at the  c o r r e s p o n d -  
ing f a c e s  of  the  k - p h a s e  and of the  gas .  Th i s  is a r e a s o n a b l e  a s s u m p t i o n  in the  c a s e  of high e n e r g i e s  E~ 
and E2 of  c h e m i c a l  r e a c t i o n  a c t i v a t i o n .  The equa t ions  fo r  r e a c t i o n  r a t e s  in the  k - p h a s e  and in the  gas  m a y  
now be  w r i t t e n  as  

El (T~ -- To) 
[plW----3-i = i -~- zl (0s ~ -}- 0s'), z l  ~--- 2 B T s ~  ?~1 = [:)lttl o 

p~w: E2 (Tb -- To) 
m~ = ~ = i q- z~ (Or ~ q- Or'), z~ ~-- 2 R T b  ~ , 

The b o u n d a r y  cond i t i ons  at i n t e r f a c e  of r e g i o n s ,  e x p r e s s e d  in d i m e n s i o n l e s s  f o r m ,  a r e  of the  f o r m  

for ~i = 0 
a01 a02 0 qiml  

01 -- 0~ ~-- 0,, -~ -- L -~-- ( s -~- 0o ~ (i -- cp) ml = (T5 -- To) ' cpl 

for ~-- ~ t 
aO. a I 0 aO2\ LaO3 q~ml 

Os~ , I I~s~ O~s2\ ~ + ~ = o ,  - ~ - / ~  §  = ~ .  

(8) 

Here ql and q2 are the reaction heat effects in the k-phase and in gas, respectively. 

We thus have a system of six differential equations (5) in six unknowns 0i, 02, 03, P2, mb and s2, 
whose solution must satisfy boundary conditions (6) and (8). 

Since in the following the value of P2 will not be required, the second of Eqs. (5) may be omitted 
from further considerations. 

We use the method of small perturbations for analyzing stability, and shall seek the solution of the 
derived system of equations in the form 

! (~, ~) = P (~) + b ' f  (~) + ~f (~)l e~. (9) 

Subs t i t u t ing  the  s o l u t i o n  of the  f o r m  (9) into Eqs .  (5) and into b o u n d a r y  c o n d i t i o n s  (6) and (8), r e t a i n -  
ing in t h e s e  t e r m s  of  the  f o r m  F(}) and equa t ing  c o e f f i c i e n t s  of a ~ we ob ta in  a s y s t e m  of  equa t i ons  and 
b o u n d a r y  cond i t ions  de f in ing  the s t e a d y  p r o c e s s  and the  p e r t u r b e d  s t a t e .  Solu t ion  of the  s t e a d y  [ s ta te ]  
p r o b l e m  is  of  the  f o r m  

0 1 =  Ose  ~ , M ~ =  c o n s t =  t 
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- - ~  exp v (4--4~~ ( A i =  q' 2) c v z ( T ~ - - T o ) '  i = t ,  

S~ = i - -  i + vL~2 ~ exp vL (~ - -  ~~ O~ = Or 

- - - - - - z  + oo~ - c =c%[A~ + A~ + Oo" --  

( 1 0 )  

A f t e r  r e d u c t i o n  of  t h e  c o m m o n  f a c t o r  ewe',  t h e  s y s t e m  of  e q u a t i o n s  d e -  
f i n i n g  t h e  p e r t u r b e d  s t a t e  c a n  b e  w r i t t e n  a s  

- d~ -o)o i -  ~ ~ - - ~ = , ~  -~- 
dm~* t d~s~ ~ ds~* ~ dS~ i d~O~ ~ dos ~ 

( I I )  

(12) 

T h e  b o u n d a r y  c o n d i t i o n s  a r e  

01~ for g - - - - ~ ,  Os~ for g - - * + ~ ;  
for g = O  

~ 

. . . . .  0 ~ dO, ~. - -  0 / ( 1  --  c~) - -  (0/(0~ + 0~ ~ (I - -  %) = hi~x0~ ~ 
u 1  = u2,  - -  s P ~ - -  

i ds~ ~ 
ral" = rr~* = o) / ,  z~Os" = o)f ,  s~* + o ) lS~  - -  vL  d4 - -  ~lOs~ 

for ~ = 4~ 
dO~ o dO2 ~ dO~ ~ d20~ .- - d'~02 ~ dO8~ 

d ~ d S ~ .  o s~ 0 �9 i ['ds~ ~ d~S~ od'Zs~ ~ . , r  ~ - = ,  -~L-~-+e-~-+4 ,  ~-~-J=~o, ~ 

T h e  s o l u t i o n  o f  s y s t e m  (11) w i t h  c o n d i t i o n s  (12) i s  

O ] * = a e r ~ + l O s e ~  , r =1/~(i  + }/ i  + 4o)), m0~ ~ const = o)/ 

03 ~ = b -]- c exp v4 -~ / ~ -  t + v4~ ~; exp v (4',-- 4~ ~ 

!vLo)4 
s** ---~ k @ I exp vLE - -  f ~ exp ~,L (4 --  ~s ~ , 

(13) 

S u b s t i t u t i n g  s o l u t i o n s  (13) in to  b o u n d a r y  c o n d i t i o n s  (12) ,  we o b t a i n  a s y s t e m  of h o m o g e n e o u s  e q u a -  

t i o n s  f o r  t h e  d e t e r m i n a t i o n  of  c o n s t a n t s ,  a ,  b ,  c ,  d ,  f, g,  k,  a n d  l .  F o r  a n o n t r i v i a l  s o l u t i o n  to  e x i s t  t h e  d e -  

t e r m i n a n t  of  t h i s  s y s t e m  m u s t  b e  e q u a l  t o  z e r o .  T h e  e q u a t i o n  d e f i n i n g  t h e  z e r o  a p p r o x i m a t i o n  of  t h e  c o m -  

p l e x  f r e q u e n c y  i s  of  t h e  f o r m  

2o) (y --  i) -F ~ -t- y = (Y -F Jo)) ~fi  + 4o) (14) 

w h e r e  

Z 2 

y = 0~, ~ = zlc---~ " (15) 

w h e r e  

A f t e r  s i m p l e  t r a n s f o r m a t i o n s ,  t h e  f r e q u e n c y  e q u a t i o n  m a y  b e  w r i t t e n  a s  

o) s + 'h 0)~ + ~ho) = 0 

T h e  r o o t s  of  t h i s  e q u a t i o n  a r e  

'11 = (~-~Y, ~2 = '~-~ [-- (Y --  ip + (~ (y + i)] , 

0) 1 = 0 ,  r = - -  1/2 ~h + 1/~ ~ _ @ 1  ' 

S i n c e  t h e  s o l u t i o n  of  Eq .  (14) h a d  n e c e s s i t a t e d  a s q u a r i n g  o p e r a t i o n ,  i t s  e x t r a n e o u s  r o o t s  m u s t  b e  

e l i m i n a t e d  b y  s u b s t i t u t i o n  o f  o b t a i n e d  r o o t s  in to  t h e  i npu t  e q u a t i o n .  

(16) 

(17) 
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The per turbat ions  corresponding to the root w 1 = 0 occur  when the initial steady state distribution of 
p a r a m e t e r s  shifts alongthe x-axis  without al tering its form.  According to [5] the determinat ion of s tabi l -  
ity must be invariant with respect  to this t ransformat ion  owing to the invariance of the problem fo rmula -  
tion with respect  to shift along the x axis. 

W h e n  (7722 - 4~1 ) < 0 ,  the roots  of Eq. (16) are complex. It follows f rom (17) that in this case the so l -  
ution defines a steady p rocess  (Rew < 0), when 

[-- (v -- l) ~ + ~ (v + l)l > 0. (18) 

F rom (10) follows 

A~ (t exp x,~2~ 
o ,  = o r - ~  - ~ / .  (19) 

Thus, under conditions of steady combustion,  the tempera ture  at the solid fuel face depends on @r, 
A2/cp, and v(2 ~ i.e., on the p roper t i es  of the gaseous phase. 

Substituting relationship (19) into (15), we obtain 

z~ - h.~ [ 1 ~ 

Condition (18) derived for the stability of solid fuel combustion depends on | z2/cp, c~, A2/Cp, and 
v~2 ~ Unlike in the stability c r i t e r i a  formulated ea r l i e r  [1, 2], @s is determined here by solving the 
s teady-s ta te  problem. 

A BESM-2M computer  was used for est imating the effect of these pa rame te r s  on the stability of so l -  
id fuel combustion in the following range of variation of basic pa r ame te r s :  

0.1~-~(~0.4, 0 ~ z  21%~2,5, 0 .8~v~ ~ 0.3~A~/%~0.85, or = i ,  

Results of calculations are shown in Figs. 1 and 2. Curves 1, 2, and 3 in Fig. 1 relate to A2/e p = 0.3, 
0.5, and 0.6, where the solid and the dashed lines correspond,  respect ively ,  to v~2 ~ = 0.8, and 1.1. Tn Fig. 
2 curves  1, 2, and 3 relate  to AJCp = 0.4, 0.5, and 0.6 with the solid and dashed lines corresponding,  r e -  
spectively,  to v~2 ~ = 1.5 and 2.5. Regions of instability are  indicated by shading. These curves  show that 
with increasing v~2 ~ at A2/c p = const,  as well as with increas ing A2/e p at v~2 ~ -- const,  the instability r e -  
gion shifts upward along the z2/cp-axis.  Hence a widening of the preheat  region (the dark zone) and in- 
c reas ing  the react ion heat effect in the gas resu l t s  in the shift of the stability region upwards in the d i -  
rect ion of the z2/c p axis. 

In concluding the authors wish to thank N. A. Kil 'chevskii  for d iscuss ing this p rob lem and for his 
valuable comments ,  and V. G. Klyuchnikov for his ass is tance  in progran~lming the BESM-2M computer.  
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